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ABSTRACT
A probability measure u on a locally compact o - compact amenable Haus-
dorff group G is called mixing by convolutions if for every pair of proba-
bilities v, ¥ on G we have:

im [ —v2)*p* (| = lim [[6*" % (11 = v)lf = 0.
n—o00 n—oo

It is proved that the set of all mixing by convelutions probabili-
ties is a norm (variation) dense subset of the set P(G) of all probabilities
on G. I G is additionally second countable the mixing measures are
residual in  P(G).

1. Introduction

Let G be a locally compact o—compact amenable Hausdorff group with a fixed
left Haar measure A. The Banach lattice (algebra with the convolution ) of
all real finite regular Borel measures on G is denoted by M(G). For a measure
v € M(G), ||v|| is the total variation norm and |v| is the modulus of v. The

convex, convolution semigroup of all regular probabilities on G is denoted by
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P(G). Similarly, for every closed K C G, P(K) is the set of all probabilities x
with supp(p) C K. The set of all probabilities with compact support is denoted
by P.(G). As usual C4(G) denotes the Banach space of all bounded contionuous
real valued functions on G with the supremum norm. We shall consider P(G) as
a topological space with respect to two topologies. The first is the one inherited
from the Banach lattice M(G) with the total variation norm. The second one is

the weak topology i.e. the topology with base sets:

Vu(fiy oo fir€1, s €k) = {v € P(G) : |/f,~du - /fjdﬂl <ejj=1,.,k}

where fi,..., fi are from C4(G) and ¢y, ..., are positive numbers.

It is well known that if G is a polish group (metrizable separable and complete)
then P(G) with the weak topology is a polish space as well. In particular P(G) is
a Baire space then (see [P] for the details). We recall that every locally compact
second countable Hausdorff group is a polish group (see Theorem 8.3 in [H-R 1]).
By L£(L'()\)) we denote the Banach algebra of linear bounded operators on L'())
the Banach (convolution) algebra of all real finite signed measures absolutely
continuous with respect to A. An operator T € L£(L'())) is called stochastic
if: T(f) > 0 and ||T(f)|| = ||f]| for all nonnegative f € L*()). The set of all
stochastic operators is denoted by §. An important class of stochastic operators
is the class of convolution operators. Recall, that for a probability measure y on
G, the operator L'(A) 3 f — T,(f) = f *p is called a right convolution
operator (,T(f) = pu* f is called a left convolution operator).

The importance of convolution operators is commonly recognized because of
their coherence with the Markov processes on groups. Every “time-space” homo-
geneous Markov process (random walk) {£5}n>0 is represented by some stochas-
tic convolution operator. More precisely if {€n}n>0 is such a Markov process,
with transition probabilities P(g, A) = u(g~'A), then for every natural n and an
initial distribution f € P(G) N L!()) one has

Pi(tn € A) = /A THf) dh = /A Toen (f) dA

where A is a Borel subset of G. In this paper some concepts of asymptotic be-
haviour of random walks on amenable groups are investigated. We consider the
iterates T,}(f) or ,T"(f) and study their dependence on the initial density f.
The set of measures p € P(G) for which the distributions T}}(f1), T;(f2) are
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asymptotically close independently of the starting ones f;, f2 is the main subject
of our considerations. There are three operator topologies in £(L!())) which
are helpful in this task: the operator norm topology (o.n.t.), the strong opera-
tor topology (s.o.t.), and the weak operator topology (w.o.t.). Using Wendel’s
Theorem (see [H-R 2]) it was noticed in [I-R] that the class of right (or left) con-
volution operators is s.o.t. Baire. Let M1, (respectively M,;1) denote the set
of all right convolution operators on L'()) (left convolution operators on L'(})).
According to [I-R] and [R] the operator T, € M1, (or ,T € M,11) is called
norm completely mixing if for each pair of probabilities vy, v, € L!())

(1) Tim [T — w)ll = Jim (v — v2) 4" =0

(or () Bim [T — )] = lim [|a*" 5 (1 = w)]| = 0).

The set of all norm completely mixing right (or left) convolution operators on
L'()\) is denoted by MIXp:, (or MIX,p: repectively). If T, € MIXp1,
(or ,T € MIX,11) we simply say that the probability u is right (left) L1-
mixing by convolutions and denote the set of all such measures by mizp1,
(or miz,z:). A probability measure p on G is called L!- mixing by
convolutions if u € mizp1, Nmiz,; = miz(L'). It was proved in [RO)] that
there exists a right L'-mixing by convolutions probability on a locally compact,
Hausdorff group G if and only if G is o-compact and amenable. If G is ad-
ditionally abelian and second countable, it was recently observed that MIX, .
is a dense G5 in M, in both the strong operator and the operator norm
topologies (see Theorems 3 and 5 in [I-R}). It is our aim to extend this result of
Iwanik and Rebowski to all amenable locally compact polish groups.

In the first part of our paper a stronger version of mixing is considered. Namely
a measure p € P(G) is called right (left) mixing by convolutions if for each
pair of probabilities 1,1, € P(G) one has

(2) lim n—w)*p™ =0 (or (2) lim 4™ x(m - ) =0).

The set of all probabilities on G satisfying (2,) (or (2) respectively) is
denoted by mizy,. (or miz.y). The intersection mizpy. Nmizy s
denoted by miz(M) and measures from the last set are called mixing by
convolutions. Obviously the following inclusions hold: mizpy,. C mizp,,

mizem Cmiz,n and miz(M) C miz(L!). Let us notice that these inclusions
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are proper even for G to be the one dimensional torus. Indeed, the measure
Bo= Y127, amiy s L'- mixing by convolutions (see [L]) but for every
irrational w € R and arbitrary natural n we have |[(8.zp(2riv)—61)%p*"|| =2,
so g is not mixing by convolutions.

We show that for every locally compact o— compact Hausdorff and amenable
group G the set miz(M) is large. Namely, by our Theorem 1, the norm variation
closure of miz(M) is P(G). Applying this fact to the convolution operators
we obtain that MIX;:, is norm operator dense in Mj1,. Moreover if G
is additionally second countable then MIX[1, isa Gs in the w.o.t. (soin the
s.o.t. and the o.n.t. as well).

Finally let us remark that P(G) with the variation norm topology and
M., with the operator norm topology are homeomorphic (by the existence of
an approximative unit in L!()\) they are isometric even). P(G) with the
weak measure topology is homeomorphic with M1, equipped with the weak
or strong operator toplogy (for this fact we can use the Theorem 1.1.9 and the
Lemma 2.5.13 from [H]).

CONVENTION: All topological groups considered in this paper are at least
locally compact o-compact Hausdorff and amenable. The measures are Borel

and regular.

2. Existence and denseness of mixing measures

The following idea of mixing will be helpful in the sequel. Namely let a, — 0 be

a sequence of positive numbers. Then,

DEFINITION 1: A probability measure u on G is called right (left) mixing by
convolutions with the rate a, if for every compact set K C G there exists a
natural number N such that for each pair of probabilities v1,v2 € P(K) and
n > Ny the following inequality

(3) lm-w)en™ <an (or (3) Iu™(m=w)l San) holds
The set of all such probabilities is denoted by miz M., (or by miz.m,q, respec-

tively).

Remark 1: Since P.(G) is a norm variation dense subset of P(G) and the op-

erators T, are contractions on M(G) we have miz.ps,a, C MiTuM, MITMs,a, ©



Vol. 80, 1992 MIXING BY CONVOLUTIONS PROBABILITIES 187

miz . and miz(M)q, C miz(M) , where miz(M)q, = MitiM,a, NMITMuq,-
Let us notice that ~: M(G) —» M(G) defined as fi(4) = u(A™!) is a linear
isometry onto so (mizp1,)~ = miz,r and (mizpm.)~ = miz.y. The mapping
~ is a homeomorphism of P(G) in the weak measure topology as well. Hence it

is justifiable to consider only the right mixing . |

Recall (see [E-G] and [E]) that the amenability of G is equivalent to the fol-
lowing Emerson condition: for every ¢ > 0 and every compact set KX C G there
exists a compact symmetric set $ C G with 0 < A(S) < 400 such that for all
g € K we have A(gSAS) < eA(S) where A denotes the symmetric difference.

The following Lemma 1 reformulates the above condition somewhat.

LEMMA 1: Let K be a compact subset of the group G. For every ¢ > 0 there
exists a symmetric, compact set Sk, such that if v1,v, € P(K) then

4) (v = v2) * xsx.. | < €A(Ske)-

Proof: Let Sk,. be a symmetric, compact set from the Emerson’s characteriza-

tion with £ instead of ¢ and xs,, be its characteristic function. Then

I = v2) % x5 || = /G | /G Xsx. (¥712) (s — m)(v)] dA(z)
- / l / (51 (U™12) = X550 (2)) d(n — 12)(w)] dA(z)
G G
< /G [G XySe () = X5 (@)] dlin — 2l(y) dA(z)

= /K AySk.ASke) divr — val(y) < eNSkie). w

For a compact set K C G and positive ¢ let Rk, (Lk,.) denote the set of all
probabilities u € L*(A) such that (4,) ||(v1 —v2) x|} < € (or(4)||px(r —v2)|| < €
respectively) for all 11,1, € P(K).

By Lemma 1 the set R . is nonempty. Clearly it is closed in the L! norm and
convex. Notice that Lx,. = (Rg-1.)~, so the set Lk . has same property. If
K is compact and symmetric then y € Ri . if and only if i € Lg,.

Notice that Rk, * P(G) C Rk, and P(G) * Lx,. C Lk, so the set (5)
Bk,. = Rk, N Lk, is nonempty (it contains Ry, *x Lk ). The following three
inclusions will be useful in the sequel: (6;)Rk,,e;, © Rk, ,e,» (6:)LKy,e, © Lk, ey
and (6) Bk,., C Bk, for Ky 2K; and e, < €.
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Now we introduce a class A of positive sequences (a,) converging to 0 with
the following property: there exists a decreasing to 0 sequence 0 < r, < 1 such
that for every 0 < ¢ <1

. (1 — Erp-1 )" _
™ T

0.
It is rather an elementary fact that the class A coincides with
{(an) : Joca<1 3r,—0 with nX;, — oo such that a, = a"'\"}.

The following Theorem 1, which is the main result of our paper is a gener-
alization of the Theorem 1.10 from [R]. The first phrases of our proof can be
recognized as some pieces of Rosenblatt’s proof. However for the reader’s conve-
nience and the completeness of the paper a full proof is given here. Moreover,
our approach to this problem seems to be more natural and effective than the
one presented in [RO]. We remark that, in the abelian case, if a measure pq is
mixing by convolutions then for every 0 < ¢ <1 and probability measure p
on G the convex combination (1—¢)u+epo is mixing by convolutions (for
L'-mixing we may apply results from [F] or [L]). In the following Theorem 1 only
the amenability and o—compactness of G are assumed to obtain a similar result.
Namely we prove that for some measure gy on G any convex combination
(1—€)p+epo belongs to miz(M),, if p isa compactly supported probability
on G, 0 < ¢ £ 1 and (a,) € A. In particular the norm denseness of
miz(M),, in P(GQ) is easily seen.

THEOREM 1: For every (an) € A there exists an absolutely continuous,
symmetric measure po { i.e. ig = pg ) such that forevery 0 < ¢ <1
and p € PJG) themeasure (1—¢)u+epo belongs to miz(M),,.

Proof: By the o—compactness of G we may choose an increasing sequence of
symmetric compact sets D, C G such that |Joo, Int(D.) = G. Assume
the neutral element of G belongsto D; . Let (4,) be a decreasingto 0 sequence
of positive numbers such that 0 < v, < 27"a, . We begin by constructing
(inductively) two sequences of compact symmetric sets K, , Sn C G . We set
K, =Dyand S = Sk, If K1, Kz,..., K1 and Sy, S2,..., Sacs

are given we define

Kin=K, 1UD(D,US S U USz_18,-1)"""!
U(DaUS1S1 U+ USp1Sa—1)" 1D,
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and S, = Sk,,4.- Nowlet ro = land rn \, 0 be such that (7) holds.
The sets K, are symmetric and so by Lemma 1 and the properties gathered
in (5) and (6) we have: forall n>1

XSa_ . ( XSa\ _ dpn
AR A LD

€ BKn)'Yn'

We show that the measure po = Y oo, (Ta—1 — Tn)pn satisfies the property
described in the statement of our Theorem 1. Let pu, 11, v2 € P(G) be
arbitrary and N be suchthat forall n > N theinclusion supp(u+t+ve) C

D, holds. Forafixed 0 < ¢ < 1 we introduce the following notations:
-1

pro = (1=e)u + e (rjor —rj)u; and pay = €32 (rjo1 —rjh

Clearly |lpnoll = 1—érn-1, llpnall = ern—1 and 2 € Rk, 4, (the last

easily follows from the properties (5) and (6) and the fact that the sequence v,

is decreasing and K, is increasing). Now let us start to estimate:

*n”

en=ll (v — ) * ((1—ep + eno)
=H(V1 - ”2) * (Pn,O + Pn )m H
SHE =)ol + =)%Y, D pug ket png, |

=1 qi+ga+.. .+ gn=j

n
2l pno I* + ) > I Cvi = v2) % png %P |l -

J=1 qi+q2+...+gn=j

IA

The first term in the last inequality is exactly 2(1 —er,—;)" and the second
term can be estimated by

2" supogicn || (11 — 12) * p}3y * pull

1
< 2" supy,,reP(K,) ETn-1 |[(T1 — T2) % ;’?’—

n—

“ < 2n7‘n—lgg = Tp-10n

(notice that vg * (=222—)*/ are supportedon K, ,herek = 1,2, 0 <

T—ern- =
j < n and n > lN ). Finally, for N large enough, we have for
al n>N 21 —-erp1)* < %an , Tam1 < ,i—, and ¢, < a,
Consequently, (1—¢)p + €epp € MiTMua,- It can be shown analogously
that (1—¢€)u + po € MiziMm,a, so the proof of the Theorem 1 is completed.



190 W. BARTOSZEK Isr. J. Math.

Remark 2: We notice that if the measure g (in Theorem 1) is taken to be
absolutely continuous , then the convex combination (1—¢)p + epo is again
absolutely continuous. In particular the set miz(M) N L*()\) is norm dense in
P(G) NnL'()\) as well. Now the following Corollary 1 is a simply consequence
of our Theorem 1. 1

COROLLARY 1: For any (a,) € A we have : miz(M),, i

miz(Ma. NITO) | = P(G) n L(N).

= P(G) and

Remark 3: The rate of convergence of ||(v; ~ v2) % p**|| = 0 which can be
obtained using our Theorem 1 is not exponential, but it seems to be fast enough
from the probabilistic point of view. Forinstanceif ay = a"™" where 0 <a <1
and {';’};:7 — 400 then for every u € miz(M),, and acompact subset K C G

we have
o0

k
Y- supmep) nfll( = v2) % ™| < oo.
n=1
In order to check it we notice that Y ov | nfa, < co. 1

3. Residuality of mixing measures

Assume that G is an amenable locally compact polish group. Obviously we have
the following representation of right L'~ mixing by convolutions measures:

@) mizp =Y U (s € PG : - m) >l < -

Lk m N n>N

where {v1,v2,...} is an L! norm dense subset of P(G) N L*()). From this it is
easily seen that miz:1, is a weak G5 in P(G). A similar representation (8;) for
miz,z1 shows that the set of left L!-mixing by convolutions measures is also a
weak Gs. In particular miz(L!), as the intersection of two G- sets is a weak Gs.

Now we are in position to formulate the following category result.

THEOREM 2: For every locally compact, amenable and polish group G we have:
(9) miz(L') is a dense G5 in P(G) for both the weak and the variation norm
topologies on P(G) and (10) miz(L*) N L'()) is a dense Gs in P(G) N L}(A) for
the L'-norm topology.

Proof: It was noticed in the Corollary 1 that miz(L') and miz(L')N L!(\) are

dense subsets for these topologies. The proof that they are Gs-sets was presented

just before the formulation of this Theorem. |
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Remark 4: We do not consider the residuality of miz(L') N L!()) in the weak
topology since P(G) N L!'()) can be meager in itself for this topology. In fact,
assume that U,, C G is a decreasing sequence of dense and open subsets of G
with MU.) \ 0 andlet F, = {p € P(G)NL'(A) : o(G\Uyn) 2 1}.
Clearly every set F, is closed in the weak topology on P(G) N L!()). Since
U, is dense and open it follows from Theorem 6.3 in [P] that the absolutely
continuous measures with supports in U, are weakly dense in P(G). This means
that P(G)NL*(A) = Upw, Fn is a space of the first category. The next Corollary
2 elucidate this case quite thoroughly. |

COROLLARY 2 : Let G be an amenable locally compact polish group and denote
by P,(G) the set of all singular (with respect to the Haar measure) probabilities
on G. If the topology on G is not discrete then miz(L')N Ps(G) contains a weak
dense Gs.

Proof: 1t is sufficient to notice that P,(G) contains a weak dense Gs. As in the
Remark 4 we choose a decreasing sequence of dense and open sets U, C G with
A(Un) \\ 0. The set of all probabilities on G with nonzero absolutely continuous

component is included in the countable union {J;=, Usw, Fk,» Where

Fin = {2 € P(©) : oG\U) 2 1)

are weakly closed and nowhere dense. Obviously the following inclusion

N ) (PG) \ Fin) € Py(G)

k=1 n=1

holds. Since P(G) with the weak topology is a polish space miz(L') N P,(G)
contains a dense weak G5 of the form miz(L')N(Nie, Nowy(P(G) \ Fi,n). |

The results obtained in this note are usefull in creating L!'-mixing by convo-
lutions measures with some additional properties. The following Corollaries are
good examples of this. Let us recall (see [P] , Definition 4.1) that a probability
measure g on a group G is indecomposable if there do not exist two nondegener-
ate (not §; where g € G) probabilities p; , g with g = py * p2. Assume that
G is an infinite polish group. Then the set of all indecomposable probabilities
on G (denoted by P;(G)) is a dense G5 in P(G) in the weak topology. If in
addition G is uncountable then a weak dense G is the set Pr ;1 of all nonatomic

and indecomposable probabilities (see [P], Theorems 4.3 and 4.4).
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COROLLARY 3: Let G be an infinite locally compact polish amenable group.
Then : (11) miz(L') N Pi(G) is a weak dense G5 in P(G) and (12) if G is in
addition uncountable then miz(L') N Py 1(G) is a weak dense G5 in P(G).

The next result is a simple application of (10) and Theorem 12.1 from [P).

COROLLARY 4: For every locally compact, noncompact abelian polish group G
the set P;(G) Nmiz(L')NLY(}) is a dense G5 in P(G)N L}*()) for the L}~norm
topology.

We finish our consideration with the following Theorem 3 which provides an

affirmative answer to a question raised by A.Iwanik.

THEOREM 3: Let G be a locally compact, second countable, Hausdorff amenable
group. Then MIX1, (and MIX,1)is adense Gsin My, (M, respectively)

in the operator norm, the strong operator and the weak operator topologies.

Proof: By Theorem 8.3 of [H-R 1] G is completely metrizable and separable,
and therefore polish. Since M1, is homeomorphic to P(G) with respect to the
appropriate topologies, an application of Theorem 2 yields the desired result.
|

We end our paper with the following three Remarks,

Remark 5: If G is not second countable we may not represent mizzi, and
mizp. as in (8,). However for the norm variation topology these sets are still
dense G~ sets. It follows from the following representations:

[= T~ <. ¢

mizpe =) [} [ U B+ supneery I — va) x| < —}

I=1m=1N=1n>N
and

oo >
mizp, = n ﬂ

=1 m=1

1
{1 supy, yeprynLri(y) Il = v2) x|l < —}
1n2N

¥ s

Remark 6: 1t is noticed in [RO)] (see p.37) that for a o—compact locally compact
amenable and unimodular Hausdorff group G there exists f € L!(A)N P(G) such
that for all hy,h; € L}(A\) N P(G) we have

Tim_[[(hy = hg) % £ = lim [|f*™ % (hy — hy)]| = 0.
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Our Theorem 1 shows that the unimodularity assumption was not essential.
Moreover Rosenblatt’s existence result is now replaced by the denseness of such
measures {and if G is in addition second countable, by our Theorem 2 such

measures form a norm dense Gg subset of L!'(A) N P(G) even). |

Remark 7: Recently, the author has been informed that similar result to our
Theorem 1 was obtained by R. Rebowski. It is proved in [R] that for any second
countable, locally compact, and nilpotent group G if 4 € mizp1, is spread out

then for any positive 0 < ¢ < 1 and any v € P(G) the convex combination

pe =i + (1 —€)v is right L!'-mixing by convolutions. |
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